Interfaces in tissues are ubiquitous, both between tissue and environment as well as between populations of different cell types. The propagation of an interface can be driven mechanically. Computer simulations of growing tissues are employed to study the stability of the interface between two tissues on a substrate. From a mechanical perspective, the dynamics and stability of this system is controlled mainly by four parameters of the respective tissues: (i) the homeostatic stress (ii) cell motility (iii) tissue viscosity and (iv) substrate friction. For propagation driven by a difference in homeostatic stress, the interface is stable for tissue-specific substrate friction even for very large differences of homeostatic stress; however, it becomes unstable above a critical stress difference when the tissue with the larger homeostatic stress has a higher viscosity. A small difference in directed bulk motility between the two tissues suffices to result in propagation with a stable interface, even for otherwise identical tissues. Larger differences in motility force, however, result in a finite-wavelength instability of the interface. Interestingly, the instability is apparently bound by nonlinear effects and the amplitude of the interface undulations only grows to a finite value in time.
Introduction
Interfaces of tissues, their propagation as well as their stability, play an important role in various biological contexts, ranging from tissue development [1] to wound healing [2, 3] and cancer [4] . In many of these processes, the interface propagates, driven by cell proliferation and/or motility. This leads to the question how the tissue maintains a stable interface, as this is crucial e.g. in development in order to arrive at the desired distinct cell populations, while interface instabilities can have severe consequences, as in cancer metastasis. Several mechanisms act simultaneously in this problem, where each of them can either have a stabilizing or destabilizing effect on the interface. Interfacial tension, e.g. caused by differential adhesion between cell populations [5] , stabilizes an interface, as it penalyzes increase of interface area. On the other hand, increase of interfacial area can be further amplified, e.g. due to enhanced growth rates in the protruding region, where cells have more free space and access to nutrients, as commonly observed during wound healing [2, 6, 7] .
Interface instabilities in systems far from equilibrium are well known in solidstate physics, where several instability mechanisms have been found and studied [8] . Examples are the Saffman-Taylor instability (also known as viscous fingering), which occurs during the injection of a low-viscosity fluid into one of a larger viscosity, the Mullins-Sekerka instability in unidirectional solidification, which arises from the unstable diffusive transport of the latent heat of solidification, and leads to dendritic growth at later stages, and the Rayleigh-Taylor instability between two immiscible fluids when the fluid with higher density is placed on top of the lighter one. Also, in vapor deposition flat interfaces are unstable to roughening, in which the interface width initially grows slowly, but monotonically with time and saturates at a finite value at late times. For tissues, or bacterial colonies as a related example, growth and division of cells can give rise to new instability mechanisms, which, however, may arise from similar mechanisms as the "classical" instabilities of solid-state physics. For example, an undulation instability of an incompressible epithelium adjacent to a viscoelastic stroma has been found, where the instability is driven by enhanced growth in the protruding region, which creates a shear flow that builds up pressure at the bottom of the protrusion [9] . Coupling cell growth to nutrient diffusion leads to an additional instability, as cells in the protruding region have access to more nutrients, reminiscent of the Mullins-Sekerka instability [10] . In growing bacterial colonies of E. coli inside a microfluidic device, a streaming instability has been oberseved due to steric interactions between large, slow-moving and small, fast-moving cells [11] . During growth of bacterial colonies on a petri dish, instabilities of the advancing front arise, displaying different levels of complexity, which range from a small number of fingers to densely-branched, dentritic structures [12] [13] [14] [15] .
Mechanically regulated propagation of tissues has been studied by employing the concept of homeostatic stress [16] [17] [18] . The homeostatic stress is defined as the stress a tisssue exerts onto its surrounding at the state when apoptosis and division balance each other. It has been proposed that in a competition for space between two tissues, the tissue with the lower homeostatic stress (higher homeostatic pressure) grows at the expense of the other [19] . Furthermore, motility forces generated by cells migrating on a substrate can generate stresses on neighboring tissues and affect the competition [18] . This has recently been studied by in vitro experiments. Two different confluent celllayers were initially seperated by a fixed gap. Upon release, the two tissues migrate towards each other and collide head on. Interestingly, Ras-transformed Madin-Darby Canine Kidney (MDCK) cells where pushed back by the corresponding wild type cells [20] , while conversely or Ras-transformed Human Embryonic Kidney (HEK) cells outcompeted the corresponding wild type. The cell population which generates larger collective stresses displaces the other population and drives the propagation of the interface between them [21] .
The stability of a propagating interface, driven by homeostatic stress and/or bulk motility differences, between two competing tissues on a substrate has recently been studied by a linear stability analysis [18] . Three instability criteria are obtained, where two yield a critical homeostatic stress difference and one a critical difference in motilityforce strength above which the interface becomes unstable.
Using a particle-based model of growing tissues [17] , we study the mechanicallyregulated competition of two tissues and explore the stability of the interface. Our simulations suggest that nonlinearities provide a strong stabilizing effect on the interface. Contrary to linear-stability analysis, we find a stable interface when the two tissues differ in their respective substrate friction, even for large homeostatic stress differences. On the other hand, for a different viscosity of the two tissues, an instability arises above a critical difference in homeostatic stress. However, the instability does not grow forever; instead, a finger-like protrusion of the weaker tissue is left behind in the stronger tissue, which otherwise advances with a broad front. For a difference in motility-force strength, we find that a low motility has a stabilizing effect onto the interface, causing a decrease of the interface saturation width with growing difference in motility force, while large motility forces cause an unstable interface above a critical point. Beyond the instability, distinct modes grow strongly in amplitude, but saturate at finite values depending on the strength of motile forces. Hence, the instability due to motility forces seems to be bound by nonlinearities.
Our results demonstrate that the structure of the interface between two competing tissues may serve as a key observable in characterizing mechanical properties of the competing tissues. Indeed, it is often the interfacial properties that reveal malignancy in tumor biology [22, 23] .
Simulation model
Several models have been developed in order to study mechanical properties and growth of cell monolayer in general and interfaces between different cell types in particular [24] [25] [26] . For example, vertex-based models are commonly employed , e.g. to study physical properties such as shear and compression modulus, or jamming transitions [27] [28] [29] [30] . We employ the well-established particle-based growth model of Refs. [17, 31] , which has been mapped onto various systems of growing cell sheets, such as wound healing assays or growth of bacterial colonies in microfluidic devices [2, 32] . A cell is represented by two particles which repel each other via an active growth force
with growth-force strength G, unit vectorr ij and distance r ij between the two particles and a constant r 0 . When the distance between the particles exceeds a threshold r ct the cell divides. A new particle is then placed in close vicinity of each particle of the mother cell. These pairs constitute the two daughter cells. Particles between different cells interact via a soft repulsive force F V ij on short distances and a constant attractive
with volume exclusion coefficient f 0 , adhesion strength f 1 and cut-off length R PP . We model apoptosis by removing cells randomly at a constanst rate k a . Interactions with the underlying substrate are given by a friction force
with velocity v i . Forces in migrating cell monolayers do not solely arise at the front, but collectively over the whole monolayer [21, 33] . In a simplifyed picture, this is modeled by a homogeneous bulk motility force [18] , given by a constant force perpendicular to the interface
with motility-force strength f m and directionê x perpendicular to the interface. This choice of motility model further facilitates comparison of results with Ref. [18] . A dissipative particle dynamics thermostat is employed in order to account for energy dissipation and random fluctuation, satisfying the fluctuation-dissipation theorem. Its temperatute T is chosen low enough that cells can escape local minima, but other thermal effects are small. Each parameter can be set independently for each cell type and between cell types for inter-cell interactions.
We define a set of standard-tissue parameters and report simulation parameter relative to these standard values, denoted with a dagger, e.g. G † = G/G 0 (see Tab. S1 in the SI for numerical values). Time is measured in terms of the inverse apoptosis rate k a of the standard tissue, distance in terms of the cut-off length R PP and force in units of G 0 /R 2 PP . Thus, the length unit corresponds to the cell size, while time is measured in generations. After one time unit, all cells have divided once on average. Quantities reported in these units are denoted with an asterisk * . We vary the growth-force strength G, the apoptosis rate k a , background friction γ b , and motility-force strength f m . The cross-adhesion strength between the two tissues is the same as the adhesion strength within one tissue, as reduced cross-adhesion causes enhanced interfacial growth [34] . Thus, no passive interfacial tension is present in our simulations.
We use the "treadmilling simulation setup" introduced in Ref. [17] in order to obtain steady-state interface progression, by keeping the interface position at the center of the simulation box. All cells are shifted accordingly every 1000 timesteps; excess cells at one end of the simulation box are removed while the weaker tissue replenishes on the other end. In this way, both tissues reach their homeostatic state sufficiently far away from the interface (with system size L * x = 140 in all simulations), thus the interface properties can be studied on long time scales in a computationally efficient way. We measure all quantities in a comoving reference system s = x − x 0 , with interface position x 0 .
Results
It was shown in Ref. [17] that the competition between two tissues differing only in homeostatic stress results in a steady-state interface propagation, where the stronger tissue invades the weaker one with a constant velocity. While only stable interfaces were observed in Ref. [17] , Ref. [18] proposes three different routes to instability for an interface between two competing tissues: (A) For propagation driven by bulk motility, the interface becomes unstable above a critical difference in motility-force strength. For propagation driven by homeostatic stress, the interface is only unstable under the condition that the two tissues either differ (B) in substrate friction or (C) viscosity. For both cases, (B) and (C), the interface becomes unstable above a case-specific critical difference in homeostatic stress. For a combination of both, bulk motility force f A/B m and homeostatic stress difference ∆σ 
= 2ρf
A/B m , and stress decay length l = χτ /ξ. Here, χ is the elastic modulus, τ the time scale at which the tissue loses its elastic character due to cell division and apoptosis, and the product χτ is an effective viscosity. The growth rate k is expanded to linear order around the homeostatic stress as k = κ(σ − σ H ), with stress-response coefficient κ. The viscosity is connected to the stress-response coefficient via κ = 1/χτ . For our simulations, these coarse-grained tissue parameters are either direct input parameters, or can be measured in independent single tissue simulations. Figure 2 (a) displays a comparision between Eq. (5), with parameters fixed by independent simulations (see Refs. [17, 35] for details), and the measured interface velocity, which shows very good agreement. In the following, we focus on the proposed instabilities and study each of them individually.
Bulk motility force
We study first the effect of bulk motility without additional difference in homeostatic stress, i.e. the two tissues are identical except that tissue A has a motility force f A m > 0 while tissue B is non-motile (f B m = 0). As predicted in Ref. [18] , a prescribed motility force can drive interface propagation and the motile tissue invades the non-motile one at constant velocity. An instability is predicted for
with difference in bulk velocity ∆v f = f A m /ξ A − f B m /ξ B and interfacial tension Γ [18] . Figure 1 displays simulation snapshots for increasing motility-force strength of tissue A. For vanishing motility force, the two competing tissues are identical, including the interaction between cells of different tissues, and thus the interface width w(t) = h 2 − h 2 (with height field h(y, t), see Ref. [17] for more details) diverges as a function of time (see snapshots in Fig. 1 and blue line in Fig. 2(b) , as well as Vid. S1 in the SI). However, a rather small motility-force strength of tissue A (f A m ≈ 5·10 −4 G 0 /R 2 PP ) suffices to arrive at a finite interface saturation width w sat , i.e. small motility forces have a stabilizing effect on the interface (see snapshots in Fig. 1 and green line in Fig. 2(b) , as well as Vid. S2 in the SI). For larger motility-force strengths, protrusions of the motile into the non-motile tissue form at one particular finite wavelength. Over the time course of the first cell generation the interface width grows slowly with time (w ∼ t 0.3 ). After the unstable wave mode has been selected, the interface width increases linear with time (w ∼ t 1.0 ). However, the mode amplitude does not grow indefinitely, but saturates at a motility-force dependent plateau due to nonlinear effects after about ten cell generations (see snapshots in Fig. 1 and orange and red line in Fig. 2(b) , as well as Vids. S3 and S4 in the SI).
The resulting wave pattern is remarkably stable over time once the steady state has been reached. Figure 2 (c) displays the saturation width w sat as a function of the motility-force strength. The saturation width first decreases with increasing motilityforce strength, with w sat of the order of one or two cell layers at the minimum, i.e. an almost flat interface. For higher motility-force strength, the saturation width starts to increase and the aforementioned protrusions form, which we interpret as the onset of instability. Interestingly, independent simulations for identical parameter yield different wavelengths at the steady state. While the saturation width decreases with increasing q peak for identical f A m , the smallest motility-force strength at which a particluar wave mode is found increases with q peak . This matches the predicted evolution of the most unstable wave mode in Ref. [18] .
In order to study the observed interface patterns quantitatively, we calculate the Structure factor S(q * ) q * peak = 3 · 2π/L * y q * peak = 4 · 2π/L * y q * peak = 5 · 2π/L * y Figure 3 . (a) Structure factor S(q * ) at the steady state for different values of the motility-force strength f A * m of tissue A for ∆σ * H = 0 and q * peak = 3 · 2π/L * . The dashed line is a guide to the eye. (b) Same as (a), but for fixed motility-force strength f A * m = 0.55 and different peak wave vectors q * peak . (c) Snapshots obtained in the simulations of b) at the steady state at t * = 80. Note that the different stable peak wave vectors arise by chance from an initially flat interface. System size L * y = 80 in all.
time-averaged structure factor
at the steady state, whereh(q, t) denotes the spatial Fourier transform of the height field h(y, t) (see Ref. [17] for further details). For self-affine surface growth the structure factor displays a power-law decay at the steady state [26, 36] . Figure 3(a) shows the structure factor for the same values of motility-force strength as in Figs. 1 and 2(b) . S(q) displays deviations from a power-law decay by a peak at a certain wave vector larger than the system-spanning one (in Fig. 3(a) q peak = 3 · 2π/L), which gets more pronounced for increasing motility-force strength and corresponds to the wavelength of the protrusions in Fig. 1 . As mentioned above, for the same value of f A m , different wave vectors can become the dominating mode at the steady state in independent simulations. Figure 3 (b) displays the structure factor for three different peak modes for identical motility-force strength. The maximum decreases with increasing peak wave vectors, consistent with the higher saturation width for smaller q peak (see Fig. 2(c) ).
The stabilizing effect is accompanied by a preferred alignment of cells perpendicular to the interface, quantified by the nematic order paramter Q xx = 2p x p x − 1, with p x the x-component of the unit vector between the two cell particles. This leads to an active interfacial tension Γ = ∞ −∞ (σ yy (s) − σ xx (s))ds, due to cell growth [17] . Figure 2 (d) displays the order paramter for different motility-force strengths. The overall alignment along the y-direction (i.e. negative Q xx ) first increases with growing f A m , with a maximum at the interface position. In the regime where protrusions start to form, the maximum splits into two maxima located to the left and the right of the interface, where the position of the maxima corresponds to the width of the protrusions. For even higher motility-force strength, when the saturation width becomes large, we find an overall alignment along the x-direction.
Homeostatic stress difference
As shown in Refs. [17, 18] , interface propagation can be driven by homeostatic stress alone. For two tissues that only differ by their homeostatic stress, a stable interface propagating at constant velocity is found in the simulations [17] . Two instability conditions for competition driven by a difference in homeostatic stress ∆σ H have been proposed in Ref. [18] , given by
While substrate friction ξ can be changed as an input parameter, the stress-response coefficient κ is a tissue property, which needs to be determined in simulations and can not be controlled directly. In order to measure κ, we use a constant-stress ensemble and measure the growth rate as a function of the applied stress. κ is then obtained by a linear fit [17, 35] . Since κ = 1/χτ , with the characteristic time τ for cell turnover, κ can be changed by varying the apoptosis rate k a . Reduction of k a yields a lower stress-response coefficient and thus a higher viscosity.
For different substrate frictions, we do not observe any instabilities, even for large differences in homeostatic stress. While the overall saturation width increases with growing homeostatic stress difference, w sat does not show systematic variations with substrate friction (see Fig. 5(a) ).
According to Eq. (9), instabilities should only be obtained if the weaker tissue (the tissue with the higher homeostatic stress, here tissue B) has a larger viscosity, i.e. a lower apoptosis rate than the stronger tissue. Figure 4 displays simulation snapshots for different homeostatic stress differences. With increasing difference, a finger of the weaker tissue is found to develop into the stronger one. In contrast to the motilitydriven case, no steady state is reached. The finger occasionally detaches, leaving a large island behind in the stronger tissue, moves along the interface and forms again (see Vid. S5 in the SI). However, we still find a mostly stable saturation width of the interface. Figure 5 (b) displays w sat as a function of the apoptosis rate k B a of tissue B for various different values of ∆σ H . We find that w sat increases for a reduced apoptosis rate (compared to k B a = k A a ) above a critical homeostatic stress difference (∆σ * H ≈ 0.4 − 0.5), while the saturation width decreases for increased k B a , i.e. an enhanced apoptosis rate of the weaker tissue has a stabilizing effect.
The structure factor reflects the increase in saturation width with growing homeostatic stress difference (see Fig. 6 ). Below the critical stress difference, the structure factor for reduced apoptosis rate does not deviate significantly from the case of identical apoptosis rates of the competing tissues (see Fig. 6(a) ). However, for a fixed (reduced) apoptosis rate of tissue B, the amplitude of all wave modes increases with growing ∆σ H (see Fig. 6(b) ), which matches the increase of the interface saturation width. 
Bulk motility force & homeostatic stress difference
Finally, we take a closer look at a combination of differences in motility and homeostatic stress, with substrate friction and apoptosis rate identical for both tissues. For small motility forces, the results of Ref. [17] are not altered, the interface is stable and propagates at a constant velocity. In the regime where we find protrusions of the motile tissue into the non-motile tissue for vanishing homeostatic stress difference, the interface saturation width likewise starts to increase (see Fig. 7(a) ). However, we do not observe protrusions at a particular wave length as for ∆σ * H = 0, but a highly dynamic shape of the interface (see snapshots in Fig. 7(b) for a comparision and Vid. S6 in the SI).
Discussion
We have investigated the stability of a propagating interface between two competing tissues over a broad parameter range in simulations of a particle-based model.
While the width of an interface between two tissues with identical properties diverges as a function of time, we find that already a very small directed bulk motility force of one tissue suffices to stabilize the interface at a finite width, similar to a homeostatic stress difference [17] . Above a critical motility-force strength, a single mode with wave length less than the system size becomes unstable. However, the amplitude of this mode does not diverge, as expected by linear-stability analysis, but nonlinear effects limit its growth, resulting in remarkably stable steady-state undulations of the interface. Cells align preferentially parallel to the interface for small motility forces, which transists into perpendicular alignment with growing motility-force strength.
For interface propagation driven by a difference in homeostatic stress, an enhanced viscosity due to a reduced apoptosis rate of the weaker tissue results in an unstable interface above a critical homeostatic stress difference, reminiscent of a Saffman-Taylor instability. The resulting pattern is much more dynamic than in the motility-driven case. A finger of the weaker tissue remains within the propagating front. This finger constantly reforms, moves and disappears.
These two instabilities have recently been predicted by linear-stability analysis [18] . For both instabilities, our results match the predicted evolution of the most unstable wave mode qualitatively. However, a quantitative comparision remains elusive, since we do not consider interfacial tension due to differential adhesion, as this would cause interfacial growth due to more free space for cells at the interface [34] .
However, we do not observe the predicted instability for a difference in substrate friction of the competing tissues, even for large differences in the homeostatic stress between the competing tissues.
Our results suggest that interfacial patterns of competing tissues provide information about the underlying mechanical properties of the competing tissues. For example, a relatively regular -almost sinusoidal -undulation pattern would suggest a motility-driven invasion, whereas a "remaining finger" of the host in the invading tissue would indicate a lower viscosity of the invader. However, experimental evidence of this kind of structures and instabilities will be needed before definite conclusions can be drawn. From a theoretical perspective, possible future research directions on the stability of interfaces could be to account for anisotropic cell growth or enhanced interfacial growth rates [34] .
